The dependence of the QCD coupling constant with a strong magnetic field and the implications for the critical temperature of the chiral phase transition are investigated. It is found that the coupling constant becomes anisotropic in a strong magnetic field, and that the quarks, confined by the field to the LLL, produce an antiscreening effect. These results lead to inverse magnetic catalysis, providing a natural explanation for the behavior of the critical temperature in the strong field region. Introduction. The study of the QCD phase diagram in the temperature (T ) -density (µ) plane has attracted much attention for many years [1] . The more recent possibility to experimentally reach the high-energy regions where the quark-gluon plasma is realized has activated even more this research field. On the other hand, effects of strong magnetic fields in quark matter have also been an active research area for a long time [2]- [16] . At present, such studies have been reactivated by the possibility to reach magnetic field values in heavy ion collisions in an energy range which is beyond the intrinsic QCD scale Λ QCD ∼ 200 MeV. There are both theoretical and experimental indications that the colliding charged ions can generate very strong magnetic fields, estimated to be of order eB ∼ 2m
Introduction. The study of the QCD phase diagram in the temperature (T ) -density (µ) plane has attracted much attention for many years [1] . The more recent possibility to experimentally reach the high-energy regions where the quark-gluon plasma is realized has activated even more this research field. On the other hand, effects of strong magnetic fields in quark matter have also been an active research area for a long time [2] - [16] . At present, such studies have been reactivated by the possibility to reach magnetic field values in heavy ion collisions in an energy range which is beyond the intrinsic QCD scale Λ QCD ∼ 200 MeV. There are both theoretical and experimental indications that the colliding charged ions can generate very strong magnetic fields, estimated to be of order eB ∼ 2m (∼ 10 19 G), at future LHC experiments [3] .
As is known, a magnetic field can affect the QCD chiral phase transition. In fact, due to the dimensional reduction of the lowest Landau level (LLL) dynamics, a magnetic field can catalyze the chiral symmetry breaking even if the attractive interaction between fermions is weak. This phenomenon, known as magnetic catalysis of chiral symmetry breaking (MCχSB), consists of the dynamical generation of a fermion/anti-fermion (chiral) condensate that modifies the vacuum properties and induces dynamical parameters that depend on the applied field. This effect has been actively investigated during the last two decades [4] - [5] .
In the original studies of MCχSB [4] , the phenomenon was assumed to lead only to the conventional, scalar chiral condensate, and to the generation of a single dynamical parameter, the fermion mass. In recent years, however, it has been found in both QED [5] and QCD [6] that the same mechanism of MCχSB is also responsible for the formation of a magnetic moment condensate and the dynamical generation of an anomalous magnetic moment (AMM) for the quasiparticles. In the case of quarks, this result was obtained in a Nambu-Jona-Lasinio (NJL) model with interaction channels consistent with the symmetries of QCD in the presence of a magnetic field [6] . There, the generation of the AMM condensate increases the critical temperature of the chiral phase transition.
So far, all the studies of the MCχSB phenomenon in QCD have let to an increase of both the dynamical mass, (for a review see [7] and references therein), and the AMM [6] with the magnetic field. Consequently, the critical temperature T c for the restoration of the chiral symmetry is found to increase with the magnetic field. This result is in sharp contrast, however, with recent QCDlattice calculations showing a decrease of the critical temperature with the magnetic field [8] , a phenomenon that has been termed as inverse magnetic catalysis. Several attempts to address this disagreement already exist in the literature [9] - [12] . In [9] , the authors argued that the inverse catalysis is already embedded in the NJL approach because the neutral meson effects would suppress the chiral condensate at fields stronger than the scale of the hadron structure. Other authors [10, 12] have focused on the renormalization effects of the strong coupling in a magnetic field. The analysis in [10] is based on the proposition that while in the strong field region the chiral condensate grows linearly with the field [8, 13] , the dynamical quark mass should be however nearly fieldindependent in this region. Other efforts [11] introduced the effects of confinement in NJL through the Polyakov loop, using the so-called PNJL model, and argued that one could reproduce the inverse catalysis if the lattice data were fitted by making the critical temperature T c a parameter of the PNJL model. In [12] , the inverse magnetic catalysis was connected to the running of the coupling with the magnetic field. The main point of [12] was to propose an ansatz for the NJL coupling G that assumed a logarithmic dependence with B.
In the present paper, we also adopt the point of view that the origin of the inverse magnetic catalysis lies on the effects of a strong field in the running of the strong coupling. The two new key elements of our findings are however the proof that in the strong field region (qB >> Λ 2 QCD ), where the infrared dynamics is relevant, the QCD running coupling becomes anisotropic, and the quarks, confined by the field to the LLL, produce antiscreening because they are all paired with antiquarks forming color-electric dipoles. These results naturally lead to inverse catalysis and also allow us to identify the physical origin of the T Cχ behavior in the strong field region.
Anisotropic Coupling Constant. One limitation of the effective low-energy NJL-like models where the MCχSB has been found in QCD, is that the role of the gluons is reduced to multi-fermion contact interactions. The gluon dynamics, responsible for confinement, is then absent in the NJL approach. It is then natural to expect a connection of the inverse magnetic catalysis found in lattice QCD with the running of the coupling in the presence of a strong magnetic field. This running should in turn be driven by the region of momenta on which the MCχSB mechanism is operative. On the other hand, the MCχSB mechanism is effective as long as the fermions remain mostly confined to the LLL. This implies that the average momenta exchanged by particles should be much smaller than √ qB. To explore the running of the coupling in such an infrared region, one needs to incorporate non-perturbative effects in the perturbative calculation of the running, as done in [15] .
Furthermore, the magnetic field affects the coupling constant through quark loops with gluon external legs. In the strong-field region (qB >> Λ 2 QCD ), the dimensional reduction of the quarks in the LLL leads to a significant anisotropy in the gluon self-energy and consequently, in the coupling. This can be revealed by calculating the color Coulomb potential energy in the presence of a strong magnetic field [16] ,
where
. The coefficient
has only contributions from gluons and ghosts, while C also gets contributions from the quarks in the LLL. Each quark flavor gives a term similar to QED [17] . Hence,
In (1)
is the running coupling constant at scale µ = 1.1 GeV for Λ V = 0.385 GeV, which, as in [16] , has taken into account the nonperturbative QCD vacuum corrections calculated in [15] with M B ≈ 1 GeV and string tension τ = 0.18 GeV 2 . It should be pointed out that a complete formulation of the infrared behavior of α s (k) is one of the most challenging problems in QCD. In this sense, the approach of Ref. [15] , followed here, has the advantage of incorporating vacuum nonperturbative configurations that ensure confinement in the infrared region. Notice that contrary to the case of an applied electric field [18] , a magnetic field does not change the string tension for a neutral string [19] , which links a quark with an antiquark. From (1), a splitting of the couplings for momenta parallel and transverse to the field follows. They are given respectively by
. (4) From (1)- (4) it is evident that α ⊥ s (k ⊥ ) only gets contributions from gluons loops, thus it does not depend on the magnetic field. In contrast, as gathered from the plot in Fig.1 , α s (k 3 ) decreases with the magnetic field for momenta k 3 Λ QCD . Looking at Eqs. (2)- (4), it is worthy noticing, as already pointed out in [20] , that the LLL quarks do not contribute to the running of the coupling. This is a consequence of the dimensional reduction in the LLL that produces finite quark loop contributions.
Behavior of T c with B. As shown in Ref. [6] , the breaking of the rotational symmetry by a uniform magnetic field B induces a separation between longitudinal and transverse fermion modes. This separation leads to the effective splitting of the couplings in the one-gluon exchange interactions on which the NJL models are based. This splitting is therefore reflected in the four-fermion couplings of a QCD-inspired NJL model in a magnetic field, and one can use the Fierz identities in a magnetic field, to show that the NJL Lagrangian in this case should be of the form
, for a constant and homogenous magnetic field B in the x 3 -direction, and [6] for details). The couplings G and G ′ are related to the split gluon-quark vertex couplings g and
2 , with Λ the energy scale of the effective NJL theory. We can define G ′ = ηG with 0 η 1. In the strong-field region, eB/Λ 2 ∼ 1, and then η ≃ 1. In this region, all the fermions are confined to the LLL and the only modes contributing to the coupling are the longitudinal ones. This is the origin of the anisotropy in the strong-coupling vertex in the presence of a magnetic field.
In the mean-field approximation, one can show [6] that the theory (5) has two separate chiral condensates, ψ ψ and ψ iγ 1 γ 2 ψ , that minimize the free-energy and give rise to dynamical mass and dynamical anomalous magnetic moment. In the strong-field region, their solutions are respectively
and ξ = G ′ G σ. Chiral symmetry restoration in NJL models with MCχSB typically occurs as a second order transition at a critical temperature T Cχ ≃ m d << √ qB with m d the dynamical mass of the model considered. In agreement with this behavior, the critical temperature for the single flavor case considered in [6] was found to be
In vacuum, the four-fermion interaction coupling constant G that enters in the dynamical mass found in NJL is connected via one-gluon exchange interactions with the dimensionless QCD coupling as G = 4πα s /Λ 2 . In the presence of a strong magnetic field, the effective coupling entering in the dynamical mass is actually G + G ′ , and the corresponding relation becomes
where, in agreement with the strong-field regime, we have assumed that all the quarks are in the LLL, so that η = 1, Λ = √ qB, and the momentum transfer between quarks and gluons is effectively driven by the longitudinal modes (this is why in (8) we write α s ). In terms of α s , the critical temperature (7) can be written as
We can infer from (9) and the behavior of α s with the field shown in Fig. 1 , that in the strong-field region, where |k| << √ qB, the critical temperature for chiral restoration decreases with the magnetic field, displaying an inverse catalysis behavior in qualitative agreement with the results of lattice QCD [8] . This becomes apparent in the plotting of Fig. 2 , where we took α s from Eq. (4) for N c = 3 and energy scale k 3 = Λ QCD << √ qB. The strong-field approximation of course is valid for T ≪ √ qB, what allows to neglect any T-dependence in α s . Notice that T Cχ is consistent with this approximation.
Discussion. We have found that in the strongfield limit the coupling of quarks and gluons becomes anisotropic with respect to the directions parallel and transverse to the magnetic field. The transverse coupling only gets contributions from gluons and does not change with the magnetic field, while the parallel coupling gets contributions from the quarks in the LLL and decreases with the field.
From the running of the coupling constant in vacuum
where β = 11 3 N c − 2 3 N f , it is clear that the quark contribution to β (∼ N f ) enters with a negative sign and thus produces screening. The gluon part (∼ N c ) however enters with a positive sign, so it gives rise to the antiscreening responsible for asymptotic freedom.
In a strong magnetic field, the quarks are confined to their LLL where they pair with antiquark via the MCχSB mechanism. In contrast to the vacuum quark contribution, the LLL quarks contribute to α s with a positive sign (see Eqs. (2)- (4)). Because of this, they produce antiscreening as the gluons. The physical mechanism behind this radical change of the quarks' effect on a test color charge can be understood as follows. The pairs of LLL quarks and antiquarks form color-electric dipoles that would polarize in the presence of a test color charge. The dipole polarization leaves at long distances an effective color charge, equal in sign to the original test charge. The variation of the coupling constant with the field is then produced because the larger the magnetic field, the larger the density of states of the LLL, so more dipoles can be formed.
From the dependence on α s of the critical temperature in Eq. (9), we see that only if α s decreases with the magnetic field, the critical temperature can decrease with B, to be in agreement with lattice calculations. On the other hand, the magnetic field can only enter in the running coupling through the quark loops contribution, since the gluons are electrically neutral. Therefore, the inverse magnetic catalysis must be directly linked to the antiscreening effect of the LLL contribution.
Finally, we point out that our approach is essentially different from the one considered in Ref. [12] , where the relevance of the LLL and the infrared dynamics in the MCχSB was ignored, so the coupling was considered in the region of relative weak fields (eB << Λ 2 QCD ), on which the authors proposed an ansatz for the running of the coupling and used momenta of the order of the magnetic field scale that equally affected the gluon and the quark contributions.
